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Structural probes
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Probes

Electromagnetic radiation

= microwaves Info on:

= infrared

= visible Structural properties

= UV " Macroscopic

= X-rays _ -
Wave-particle = atomic level

Electrons duality

Positrons Electronic properties

Neutrons

lons Vibrational properties
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Atomic-level structural probes

Basic requirement: ‘ Wavelength < inter-atomic distances

e e o e e ¢ X-rayS

¢ ¢ o o ‘ « Thermal neutrons

« Low-energy electrons

Weak interaction Strong interaction
High penetration depth Low penetration depth

Bulk probes D Surface probes




> Properties X-rays, neutrons, electrons



Plane waves equation - 1 dimension
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Electromagnetic fields
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Plane waves - 3 dimensions
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Particle properties o
2 2\2 2
L™= (moc ) + (pc)

E p
energy c=3x%10% m/s linear momentum

-19
1eV=16x10 J mo rest mass

Connection particle — wave properties

E=hw=hv
p=hk=(Mh/A)S



Particle and wave properties

Electromagnetic fields
E = pc =hkc 2




Wave - particle properties . Fomasn

EtzOt = (pc)2 + (m062 )2

g

m=0 myc” >> Lk,
/ \ p2
— E =41
E = pc k=5
X-ray Photons Electrons Thermal neutrons
12.4 150 81.7
ElkeV]=—F—= EleV]= - E[meV]= -
2[A] °[A7] °[A°]

E=12.4keV<fl)L_1A::> E=150eV E=81.7 meV
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Energy - wavelength relation
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Interaction of x-rays with matter

Auger

electrons

Photo-electrons

E

hv

Incoming beam
(monochromatic)

hv'

Ey

Inelastic

scattering

Fluorescence

hv g

hv

Elastic
scattering
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Photo-electric
~ q absorption
) i |

[ Beam attenuation ]
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Attenuation of X-Rays
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Total cross section

T Photoelectric
absorption
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Spectroscopy

Scattering
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Structural techniques
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Spectroscopy

Absorption

Neutrons XAFS

Electrons

$ 3 !

Long-range order Short-range order Local properties
(crystals) (amorphous solids)
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> Basics of scattering



Scattering angles

4 O

dQ Polar angle ‘?(/
(0.9) <
—

In diffraction:
S / 9 —20,
/

A 20,

Azimuthal angM

) |
HB = Bragg angle
\_ _/

i
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Nomenclature of scattering Foresm
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dQ k =

—_

k

out ’

w.. .E

out * >~ out

(pc=hkc=hw  X-rays photons
E=1p* (nk)

= electrons, neutrons
K \/ / 2m 2m

—

k. .

PaN
n * in’g

n

Elastic scattering
Exchanged energy E=E  -E,_ E=0, E =E,_, l;out = /;in
Exchanged momentum hK = h(kout - kin) _ _

Inelastic scattering

E = O’ Eout = Ein’ I_éout = I_éin




Scattering cross-sections

s
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dn
(26,9)

Outgoing flux
(particles/time)

out

—
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Incoming flux
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Elastic scattering

@, 0(20,4) dQ

dn_ . =-
o, (d—") dQ
dQ

differential cross-section

&mrticles/area/time)

not to scale ! /

Total cross-section: O, = f G(29,¢) dQ

Inelastic scattering

(@, 0(20,¢,E) dQdE

dn_ . =1 2
out (I)in( d o dO dE

double differential cross-section

O depends on incoming energy
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Elastic scattering cross-section
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/ Outgoing flux

(particles/time)

dm Differential cross-section

out
n

Incoming flux

&particles/ area/time) / Total cross-section

O = fa(ﬁ,qb) dQ

The cross section can depend on the energy of incoming particles (say on wavelength).



Scattering vector

Wave-vectors o A
N
A
iIl N 20
| — L ——— OWoinZ e 9

Elasting scattering
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Scattering vector (alternative convention)
a Unit vectors 7 A
“““ N5
A e out

Elastic scattering / Scattering vector \
)\'in = )\’out = )\’ _ § — :S'\
S — out)L 1n
Connection N S=2 %

K=2rS \\
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Stationary states of elastic scattering
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\ Elastic scattering

scattering
amplitude

ikr
e Ir /

8
o

" (26,9)

> . ikr
\ / q;]gscatt)(;;)rfooeikz + @67

r
Differential cross-section: 0(20 ¢) * X-rays
2
(d—o') - = ‘fk (26,¢)‘ ? < | electrons
ds neutrons

-



Elastic scattering, intrinsic cross-section
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iQ'

&

out

(9.9)

Differential

scattering cross-section

Intrinsic cross-section
Beam - sample coupling
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Static scattering function

Sample properties
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X-rays
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Scattering mechanisms

X-rays

Electrons, classical picture
A>>r

Electrons, quantum picture:

A=R

Thermal neutrons

Nuclear potential
A>>r

Electrons (magnetic atoms)

A=R
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Electrons

Coulomb potential
from nucleus

Coulomb potential
from electrons



Elastic scattering of X-rays

1 Classical theory of scattering from a free electron
(Thomson scattering)

2 Basic interference effects

3 Correction for quantum effects:
1. Probabilistic distribution of the electronic charge
2. Compton effect for free electrons
3. Effects of binding



> Thomson scattering



Electromagnetic wave impinging on a free electron

Incoming electric field

oy
2

—

E, (1) = E, cos(mt)

a Electron acceleration

a(r) = %EOCOS(CUI)

7t phase-shift

-

T in -e

Negligible: E 3
« magnetic effects T n ‘
« proton acceleration +e



Dipole emission of radiation

Accelerating charge = electromagnetic field

echarge velocity: V<<C
Dipole approximation: echarge distribution: d << A
eobserver distance: r>> A Zl(t) —-€ E cos(awr)

/ m

- a (t'
Electron: q =—¢€ > Eout(r’t)= . l( )2

Free
electron
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Electric field polarization
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7t polarisation a =da O polarisation a, =acos(20)
Eout 039)
E \
E n - Eout
n e 20 ] € 20
® O O
~ . r
E, (F.t) = —<E/) E,  (F.t) = =< Ey(') cos(26)
r r
2 . | Thomson scattering length
rn=—2 = 28x10°A J =19
d7e,cm Classical electron radius
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Forward scattering>
KR

< General case

Normal scattering> a=a,




Classical electron radius Fornasl®
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Energy of a uniformly charged:

: 1 1 q2
> spherical shell U=—
2 \4me, 1

- 3 ( I q2)
> spherical volume = U = g

4me, r,
Relativistic
T .\ rest energy
2
Electron> U = = | mc
dme, ,
62 o
- | - = 28x10m = 2.8x10°A
4me,c'm

= Thomson scattering length



Incoming wave: input amplitude

7t polarisation

® =
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Mathematical machinery
useful for treating
interference phenomena.

it
~—

. )} <— Complex notation

(i
=Re {Eoel(w "
N J
Y
Ain

Input amplitude




Paolo

Outgoing wave: scattered amplitude
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7 polarisation P Ain
—
A N i a)z‘—# e_ikoutR‘
R P E_ . =Re Eoe( n )(—re) o
Ein . >
® ~"
r . A

Scattered amplitude

Scattering from one electron.
Far-field limit, outgoing wave approximate as a plane wave.
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Scattered amplitude
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7t polarisation

~ ik, R'
R I_év —re) € }
R!
Ein —
YO NN HE— -2 g ~
r >
¢~ Ko Scat'gered
R amplitude
AK)=-E,r,

Phase factor



Amplitude and intensity (1 electron)

Amplitude (& polarisation)
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Eo =Re{A(K)}

Cannot be measured !

(m polarisation) ‘

_ikOUtR . c Ty — Ty —
A(K) =[—EO 7, c R e”ﬂe’K"" =A, e"”
4
Intensity Eg ’”62 Lz
R
I=[AK) =|Af < - _
° , 5 1 |1+cos*(26,)
EO re 2
R 2

un-polarized beam

|s actually measured
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Polarisation factor
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7t polarisation O polarisation

2
Un-polarised bear> [1 L 08 (26)]
2 2

Laboratory x-ray sources produce unpolarized beams.




Radiated power, unpolarized beam e

dQ v
€ 20,
Incoming power flux _— o Emitted power
1 ) 1 2 2
D, =580E0C =§80‘A0‘C [W/m ] P(E)d@ _ @ [1+cosz(20)} 0
EZ
= géh o€ [photons/s/mz] \ Y /
(), 2
0(26,.9) =|£(26,.9)
Differential
cross-section
. Independent of radiation wavelength
fo= ———— = 28x10"m
4me,c”m




Total electron cross-section (1)

Un-polarized beam

Oy = f0(293,¢) dS2 = %nrj = 6.66x10"m’

Total radiated power
ﬁ .
8
P..=—ar P
3 e 1n

rad

Independent of radiation wavelength




Total electron cross-section (2)

Un-polarized beam

1+ 0032(29)
2

o, = [o(20.¢)dQ =17’ 2fd¢ }sin(Z@) d(26)

Q
=2 % { sin(26) d(26) + % { sin(26) cos*(26) d(26)

8
=—n7

3
=66.6x107m’ =66.6 x 107" A* = 66.6 fm* = 0.66 barn

Independent of radiation wavelength




Beyond classical treatment

Thomson scattering:
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4 )

Free electron

Elastic scattering ®

r, << A

Free electron = Inelastic scattering (Compton)

Electrons are bound in atoms

Probabilistic distribution of e- charge

Interference




> Interference
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Scattering from many electrons

Univ. Trento

o*
.
.
.
.
.
.
.
.
.
.
.
.
.
3
.
.
.
13
.
.
.
13
.
.
.
o*
3

Waves scattered

by ) | Interference
different electrons

Depending on radiation wavelength



Interference: scattering from 2 electrons

1 electron

A(K)=A, e || I=|AK)

2 electrons

A(K) = A (K)+ Ay(K)

_ iK7 | iK'F
- Ay [ 4 R3]

1(B) =|A&)|

= A [2 + ZCOS(E°ﬁ2)]

1

Independent Interference
hh=H—h



Thomson scattering by 2 electrons (a)
1K) = [AR] = (4,6 + A,(8)) (A (B) + A3 ()

=Ae21 (eﬂ%-;»; _l_eik-?z)(e-ik-a +e-i1€-72)

= A2 [2 + 2005(12-?)] r=r,-r
Independent  Interference
K

~|

~|

Particular case:
Klr

I(K)=4A2
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Thomson scattering by 2 electrons (b)
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I(K) = A2 [2 ' 2cos(1€-?)]
Independent  Interference

Random orientation of 7 (r fixed)

I% Average over the orientations of r

I(K) = A2 :2 " 2<cos(12-?)>]

_a2 |2+ 2smKr]

Kr
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Thomson scattering by 2 electrons (c)
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S o sinKr
I(K) = A, [2 + 2 Kr } 2 electrons: at fixed distance r
1 random orientation

Independent  Interference

——  r=0.5A, A=TA
1 — r=1A, X=1A

— =2 A r=1A

Relation between
o ... > inter-electron distance,
0 20 40 60 80 > wavelength
0_ (deg) > frequency of oscillations
B




Thomson scattering by Z electrons

1R) = A =(3 4B 4,0)

Independent scattering
by single electrons

VED)
Interference:
Z(Z-1) terms

—_ —_

Vi =T~

|

>

o~




Planar distribution of Z electrons

Maximum intensity for K L v,

I(K)= A2 [Z + EE j,é,-cos([z' ’717)]

IK)=A%|Z + zZ-D]=A} Z°
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Interference: continuous distribution

p = number density
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A(K)=A

Aq [ p.(F)

lKrdV

A(K) = Fourier Tr. of o(r)

I(K)=

AR

(F) &* 'fdv\2




Continuous distribution of charge - Fourier transform (a)

The scattered amplitude

is the Fourier transform

of the electron density

(number density)



Continuous distribution of charge - Fourier transform (b)

The scattered intensity

is the Fourier transform
of the density-density
autocorrelation function

(number density)



Amplitude and intensity (b)

Amplitude

—
—

AK)=Ay [ p(F)e*"dv

1(R)=|AKY =[asf |[ pu(F) ¥ av]

—

7

> 1 -1+cosz(29)-

2 2
=r" F
’ R? 2

‘Ael ‘

e

<
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Cannot be measured !

Structural info

Polarisation factor
for unpolarised beam

Is measured,

but

phase information
is lost !
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Z randomly distributed point-like electrons
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I(K) = A? [Z + 22 j,ﬁ,-COS(E' Zi)]

_ A °°r2p (r) sin Kr dr  Spherical random distribution
¢ Kr of each point-like electron

IK)=A |Z + z(Z-D) f]]
v

Independent scattering Interference:
by single electrons Z(Z-1) terms



> Deviations from classical treatment
Electrons distribution



At0m|C Orbltals ni\l/:orngr;ri

Interference !
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Electron scattering factor - electronic units e

A(K) = A, fper ) e ay

1_} J
fe(K)
Electron cloud
1(R)= AR -|A 1K)
Electronic units Ae.u.([E) = AIEXII() = fe(I%) Ie.u_(l_{») = ‘7;12‘2)‘2 = \fe(k)r
e el
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Interference depends on wavelength
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Point-like scatterer

4 ) 4 ) 4 )
| \,{{er Wza W%
\_ / \_ / \_ /
f 1.0 I I I l l : : : : : : :
© 1 Z=1, hydrogen 1] Z=1, hydrogen
0.8 + L=1542 A (CuKa) 1 A =0.715 A (Mo Ka)
06 | 1]
0.4 |
02 |
0.0 | :
0 20 40 60 80 0 20 40 60 80

0 (deg) 6 (deg)



Hydrogen scattering factor

Electron cloud
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£.(K)= [ p.(7)e*"av

sin Kr

]‘= 4th: rzpe(r)

point-like electron T

Z=1, hydrogen

/

for spherical symmetry

5 10
K = 4n sino/n (A7)

Plot independent of wavelength



Spherical symmetry

fo(K)

Jo(

=

I
N
N

|
)
)

|
S

)

o— o— o—

8

8

o0

T

p(r) -
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M

dV = (dr) 2nrsina) (rdo)

= 21r? sinadr do

~|

O0<r<ocand < a<m.

dr/ e eosa gin o da
0

r) dr [/ cos(Krcos ) sinada+i/ sin(Krcos ) sin a do
0 0
sin( K'r)

r

Kr dr = fO(K)a




K-dependence

—

£.K) = [ p,(F)e*"av

Imaginary plane

fe (e.u.)

o
S,

1.2

1.0
08/
06 ]
04 ]
02]
0.0 ],
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Z=1,

point-like electron T

hydrogen

fés =
= 4n sino/n (A7)

o
S,

1 1 k) 1

.
e

et

%
. a
. -
e e

.
e

et

A
NUZns
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The atomic scattering factor Fommeam

nnnnnnnnnnn

sum over electrons

/
fo(K) = 2 1.0(K)

| 0,,(F)eX7av

= p(?) KT qy
total /j: .

AwlR)-A(R) [ ey ke,
~ —\|2
Ie u (K) - ‘fO(K)‘ for sph{rical symmetry
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Scattering amplitudes
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K =4msind /& (A7)
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Sensitivity to heavier atoms

[o J

K-dependence of intensity K=4rxsin6 /A (A 1)



Scattering factors and electron densities

i/Z 1.0
0

0.8+
0.64
044

0.24

2

4 (7)

0.0 é

. fx

K=4nsinB /A (A) -cSU

© 5 sin Kr >

fO(K) = 47£f0 r pe(r) o dr E

@)

Atomic radii =

8-0 0.48 A 1s22s22p* &

32Ge  1.25A [Ar] 3d10 452 4p2

79 Au  1.74 A [Xe] 4f14 5d10 Bs!

The scattering factor of Au is broader in spite of the larger atomic radius.
The electron density of Au is concentrated at short distances.
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X-ray scattering intensity

4 )
~
K Q\\\ Ky _, sin6
]‘C’ """"" ou ‘K =47 o
_mo ITR— \%29 ...............................
\_ /
» | Point-like electron | | (independent of 0, \)
[(K) o

(depending on 6, A and 2)

Atom
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X-ray scattering cross-section . Fomasn

: X7 |
kK - Ky _, sin6

]_€> """"" o ‘K =45

in Y
T — \.\\/
» | Point-like electron | | (independent of 0, \)

do

_ =

dq2 % Atom | | (depending on 6, A and Z)




> Deviations from classical treatment
Compton scattering



Compton experiment (1922) o
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Detector
Monochromafi Unmodified Modified
onochromatic
X-ray _- T« Pie)
- I S - 7’ \
_- - - \
Pag I - s -
_- . P -’ \
-~ I o \
-~ I -7 R \
ae I g N - \
Intensity .-~ Intensity | .~ Intensity |
A - A r 6=45 A -
6=0 8=90
\
> R




Compton scattering from free electrons (a)

hv

Incoming photon

’ N
hy = hy cost + P,cos¢

C C

0= h—vsin0+ P,sin¢

C /

hv =hv'+ mcz(y -1)

Assuming that the electron
is initially at rest.

Conservation of linear momentum

Conservation of energy

v E,, ¢

Paolo
Fornasini
Univ. Trento

Recoil electron

Scattered photon

mc*(y-1)=E, Electron

kinetic energy

as a functionof  v,0



Compton scattering from free electrons (b) s
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s e :
7’7 .
hy “// v,E,,¢ asafunctionof Vv,0
T~ l l
T~ M=clv A=clv
/A%
Scattered : h e Dependent on angle
photon Ab = A -4 = %(1 —COs 0) = A (1 —COs 9) e Independent of wavelength
0.02426 A
C t length
(Compton wavelength) \ 2 he
mc- =hv, =—
)\’C
Recoil (hv/mcz)(l ~cos0)
electron E, =hv

1+ (hv/ch)(l ~cos0)
As_sgr_ning that the electron
cot ¢ = — [1 + (hv/mcz)] tan(6/2) is initially at rest.



Klein-Nishina scattering cross section
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do 1 1 a*(1-cos )’
From Q.E.D. (— = 1’02 5 1+cos” 0+ ( )
dQ) gy 2 [1+a(1—cos¢9)] 1+ a(l-cosB)
% 8e-030 a = hv
2 | Z Gokev m,c*
w— 511keV e
Ty 2.75 keV
150 . . 482030 » A 0
| ' % 60 keV
Photon in . ;
JN s’ Sl 10 MeV
hv O €
s 6---; _________ o ----
—~—— , / Scattering from free electrons
150 g ' 0 T ~a Forward peaked
, at high energies
hv
Photon out

90



Klein-Nishina cross-section at low energies
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do 1 5 1 ) a’*(1-cos6)* _ hv

— =— I 21+cos6+ a= >

dQ/gy 2 [1+ a(l—cosH)] 1+ a(l-cosB) m,c

90 Klein-Nishina formula
8e-030
o | iz
w— 511keV
w1 .46MeV
w1 OMeV
150 4a-0 30 >
) - | hv <<mc

(@) %(ﬂ) _ 2 1+cos” 60
Q). \dQ),, ° 2

=1 (ine.u.)

Isotropic scattering

90



Scattering by atomic electrons -
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Intensity Intensity Intensity

6 =45
4 6=290
/\/\
}\.0 7\'

Scattering from electrons bound to atoms:
« both Compton and Thomson scattering can coexist

« balance: ratio (electron binding energy)/(Compton AE)

For rest electrons  AFE = hwo —how'= hc[i — l} ~ hwo A_)\’

compton
0 )\‘O
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Modified scattering - 1 electron
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From Q.E.D. (Klein-Nishina at low energies):

Il =1

e unmod +1 e, mod

fe2 +Ie,m0d =1

Intensity from a point-like classical electron (in e.u.)

—_l
N

| Total intensity

\}
—
o

Q’N
3
2.
Il
[
I
~h
)

u
O
o

Modified (Compton)

o O
I N

Intensity (e.u.

0.2 Un-modified

0.0:-:::: .:::“
Hydrogen> 0 5 10

K = 4n sino/a (A7)

/



Modified scattering - atoms o

Unmodified _
7 2 coherent scattering
(sum of amplitudes)
Iunmod = Efe,n @
n=1
Modified I I uncoherent scattering
(Compton) mod — E( e.mod )n (sum of intensities)

= > (=12

-7 S /2
Elf (<2)

Intensities in electronic units !



Thomson .vs. Compton

200 A

— 150 +

Intensity (e.u

100

a1
o

14 - Si

Un-modified

Compton

5
K = 4m sino/n (A7)

1000 T

800 1

600 1

400 +

200 T

Fornasini
Univ. Trento

32 - Ge

Un-modified

Compton

0 5

|4P#=|

10

M

K = 4n sino/a (A7)




Connection with Thomson theory

Scattering from Z independent electrons (see above)

Total equal electrons
different orbitals
Unmodified

2
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7z
1K) =X e =Z+Z(Z-1) f2=Z+2°f} - Zf]
m=1
_ z 2 V4 2z ,
LK) =Y e =z+|) f.| - D|f,
m=1 n=1 n=1

Modified (Compton)

Intensities in electronic units !

7 2
I unmod (K ) = I coherent (K ) = E f n
n=1

I mod (IZ ) = I incoherent (I_{ )
= I tot (K ) — I coherent (K )

Z 2

_7 - E f
n=1




Compton profile

The electrons are not
at rest initially.
Compton radiation is
scattered around the
nominal wavelength.

Arb. units
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LiF Inelastic Scattering Spectrum 26=160 deg
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Info on electron momentum distribution.
The profile is wider, the more strongly the electron is bound.



Scattering of X-rays from an electron

Thomson scattering

Elastic
(“coherent”, “unmodified”)

n Classical treatment

. , Loosely bound

Free electron

Bound electrons
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Compton scattering

Inelastic
(“incoherent”, “modified”)

Quantum treatment

Loosely bound " ,




> Deviations from classical treatment
Electron binding



Classical oscillator model (a) e

VW\'e

Free electron

d_z? _ _i E eia)t
dr’ m
E field

Thomson model

Paolo

W\M%—

Bound electron

~ Complex
(0] notation

dt* dt m

T I T

Damping || Elastic E field
force || force

Damped and forced oscillator model
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Oscillator model of bound electron T

Spherical distribution of negative charge

) ¢

i centered on the positive nucleus

R

Restoring force
i//,’—h\\\ 2 3
— Displacement x F| = L Qg 1 O x
4me, x> 4dme, x> R’
- ‘F ‘ o X



Classical oscillator model (b)

Free electron

dz*
dt

e—»

it

m

Oscillating solution >

2-»

r —+2y—+a)0r =-— E.e"”
m

F(1) =7

—

Iy =

eE, 1

m

2

Y

Amplitude

<o Of

oscillation
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Bound electron:

e

Complex
notation

Complex

eE 0 1

2 2 .
m w,—-w" +2yw

eE 0 1

2 2 ;
m o -w,-2Yw

amplitude



Complex displacement amplitude

Sy

Y

Free electron
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Bound electron

. eE, 1
rO 2 2 .
m o —-w,—-2iyw
eE, o -] +2iyw
- 2
m (o0 -w) +47°0’
- R,
ek 1 o)
K n: 2 2)? 2 2 tang = 2ya)z
\/(a) —a)o) +4y°w " —w,

Resonance




Phaseshift

Displacement .vs. electric field
phaseshift

Thomson
model
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Polarizability - 1 electron

Macroscopic electric field P = EoX E  Electric susceptibility

Microscopic local electric field p =€, FE  Electric polarisability of an atom

Polarisation p(t) = —eF(t)= ]—?'Oeia)t
2 2
e 1 — — _ e 1 R .
Po £.m w2 |0 (@) E, | | Po (80m 0 - —2iyw ) (w) E,
2 2
OC((U) == > (X(a)) = > > .
&t W g\ w; — " +2iyw



Polarizability - many electrons

. . . oscillator strengths
Total atomic polarizability l J

_—2 w -’ +21ya)

sum over the frequencies
of the electromagnetic spectrum

Susceptibility
atoms per unit volume

x(w)=na(w) = 22 .~
Egm < w; —w” +2iyw




Dielectric constant and refractive index

Complex dielectric nez )
constant £, (a)) =1+ X(a)) =1+ — E 2 {l .
ggm <! w; —w" +2iyw

Real part 2 w - f
(@) =14 — Y 2( - )
Som ; (wi - ) +4,}/2a)2

Refractive index

real part nreal(w) = \/‘Sreal (w)
X-rays

A nreal(a)) = 1_6

5=10"-10"°

Refractive index, n
|
|
|

o
\/




Refractive index and phase velocity

n ((1)) — Interference between incoming wave
real V( w) and waves scattered by all atoms

Phase velocity

/
¢~0
W << W, <
n>0
N—
~ Very difficult
¢ =~-1 rigorous treatment.
W >> W, < See:
- n<( > Feymnan 1, ch. 31

>Als-Nielsen, McMorrow
ch. 3



Dielectric constant and absorption

Complex dielectric ne )
constant £, (a)) =1+ X( ) 1+— E J;

2 2 .
ggm <! w; —w" +2iyw

Imaginary part wai
1mag(w) E 2
2 2.2
;. € ( - ) +4v°w
Refractive index n=n_,+ip
gima (U))
n

real

Attenuation coefficient




Acceleration and emitted field

Acceleration

Out field
JT polarisation
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Scattering amplitude (one point-like electron) W

Free electron

|
e_ikoutR _
A(K) =_F e’wr p 4 q e’K'r Point-like
0 R e a)z electron
2 2 .
W -, —21yw
\ N Bound electron
Ael
\§ J




Resonant terms (one point-like electron)

el

2
0
A= Ael 2 2 .
0" —wy - 2iyw
2 .
W, +2iyw
= Ael 1+ 2 - 2 y =~
W —w, —2iyw
2( 2 2) - 2
w,| 0" —wy |+ 2iyow,
=A,| 1+ 3
(a)z—a)g) +4y°w’
wg(wz —a)g)
= A, |1+ 5
(a)2 —w, ) +47°w’
Real
Thomson = oqonant

term term

270w,

+ 1

(a)2 — w§)2 +47°w’ |

T

Imaginary
resonant
term
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Resonant terms (one point-like electron)
w; o -w’ 2
A=A |1+ 0( 5 O) + i Zya;a)o
(a)z—a)g) +4y’w’ (a)z—a)g) +4y’w’
|\ S \ 7
Y Y

Resonant ... il
absorption

connection with «2-¢_
refractive index



Resonant absorption (one point-like electron) e
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Absorption coefficient
(imaginary part of the refractive index)

2(1) 20) Sima (O()) ')/Cl)2
ww) = —pBlw) = T RRtT B
¢ ¢ 2 (a) —a)o) +4y°w
2 2 QL ————— g -
Imaginary part Aimag ( ) )2/;;%4 5
of scattering amplitude W =W ) +3Y @

Resonant ... il
absorption




Total cross-section (one point-like electron) Forten

Univ. Trento

Total Thomson cross-section

8
Op, = g]‘[ r,
Including the resonant factor SGTi _
) |
2 I, s
o 8 ) a)2 3 20 T
= —nr -
T 37 o’ —w) = 2iyw
=—JT7r |

) (oo2 —w§)2 +4y°w’

Oror & || Rayleigh scattering




One-electron atomic scattering factor

—ik R 2
w

out

L it iK T
A(K) =-E, R e r, —5 >; e
W —w;-2iyw
(& J
Y
Ael
0)2

A(R)-4, fm[

2 2 .
W -w, —2iyw

2 2 2
wo(a) —a)o)

Electronic
charge distribution

&) = [p,(F)e* av

2
yww,

= Ay | LK) + f.(K) + i f.(K)

(a)2 —ooé)2 +4y

A\ _/ -

2

2
w’ ((1)2 —w, ) +47°w’

_/

N 7

AK) = A, [£.E) +f. Ko+ if," Ko)]

Resonant terms
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Many-electrons atoms, quantum picture i e

Bohr frequencies, transitions between stationary states
Classical oscillator frequencies > large number of bound and

> infinite free states
Oscillations damping

Photo-electric absorption

) Esg(a)s)é(a) —a)s) \"X$’\

X-rays: fe " ((1) ,Z)

resonance for localised inner shells, largely independent of K
peaked density p(r) |
f e (a)9Z)
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Resonant scattering factor (a)

Univ. Trento

Atom = assembly of oscillators at different frequencies

Normal term Resonant ('anomalous') terms
(dep. on angle) (~ indep. of angle)

/\ ~ - ~
f(K.Z)= f,(K.Z)+ f'(hw.Z) +i f" (hw,Z)
I T ~ /X > v

Sum of contributions Real Imaginary
from all electrons I

Absorption




Resonant scattering factor (b)

—

Real H
L

f(K.Z)=£,(K.Z)+ f (hew.Z)
+i " (hw,Z)

For K=0, f, diminishes

=
Imaginary H

and the resonant terms become

more relevant
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\

10 ¢ g
f +f

OJ,’ 0 ]
101 Forward scattering
15“ ]
10 :

5,, _|

0 10 20 30
\_ X-ray energy (keV) y




> Thermal neutrons and electron
scattering



X-rays and electrons

/X-rays

(neglecting polarisation factor)

d _ Radiation — matter interaction
(d_g) -t fO(K’Z)r % -\ KT
0 fi(K)= | p.(F) " av
_ 2
\_ - ‘fX(K’Z)‘
-
Electrons Central potential scattering
— Born approx.
do = o\ . =
o) A (R)= fogr) eiav

\_

J

Scattering lengths
(form factors)

Fourier transforms



Electron scattering: Poisson equation Formeem

Univ. Trento

Poisson equation: p(r)
_ . =+
qu)(?):_[ﬂr(”) _P(’”)} -
€y €y

... for spherical symmetry:

0% ®(r) 2 00(r) 1
s T g = o) ()
Potential: Boundary condition: Potential energy

O(r) = Do (r) +D_(r) $(r) — 0 for r—oo. Ey(r) = —e®(r).
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Electron scattering: potential energy

Univ. Trento

Electrons negative charge Nuclear positive charge
el r) = +Zed(r
Radial distribution D(r) = drr? p_(r) p+(7) (r)
1 Ze
i) = —.
— +(r) dmeg 1
=
B
&
I
5
r
o
+
7“]) " dr’ 00 / 0
5 (r) = L [fo (") dr +/ D(r)dr,] -
4Teq 7! 0 7! \ﬁ




Electron scattering: Mott-Bethe formula

Poisson equation

Mott-Bethe




Thermal neutrons: interaction with matter

A>>r

Nuclear interaction with nuclei

Strong interaction
> no classical approximation
> no perturbative treatment

Very short range (~10-1> m)
> isotropic scattering

Paolo
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"N

Structural
info

Magnetic interaction
of neutron spin
with unpaired electrons

Only for magnetic atoms

Extended electron clouds
> anisotropic scattering

=

Magnetic
info




Thermal neutrons as structural probe s

Univ. Trento

— Interaction with nuclei:

A >>r | Wy |Isotropic scattering

[cfr. X-ray Thomson scattering
from point-like electrons]

A

Thomson scattering length | 7,

e

> independent of scattering angle
> independent of neutron wavelength

Neutrons scattering length |} ; ijligfoe;remg;cngog :i:]tjec"li';t iss|c§)i:10pes
<

> no correlation with Z

> experimentally determined

> Fermi pseudopotential  V(r) « b o(r)



Nuclear scattering intensity Fornasm

Univ. Trento

For one isotope:

do 2 s
I(K)x ‘b‘ —b'p Differential cross section o b|"=bb
Total cross section O =47’

For different isotopes

of the same atomic species

randomly distributed within the material.

(K)o (bb,)
i,j label atomic sites (including i=j)
K=0-= 4msinb,

A



Neutron scattering lengths

Isotope Z A b (107> m)
Hydrogen 1 1 -3.74
Deuterium 1 2 +6.67

Tritium 1 3 +4.94

Silicon 14 28 +4.11
Germanium 32 70 +8.4
Lantanum 57 139 +8.2

Gold 79 197 +7.63

b<0 => no 1 phase change on scattering

Paolo
Fornasini
Univ. Trento



Scattering lengths (n .vs. X) _ado

Univ. Trento

Scattering cross sections

(proportional to sphere volume)

Neutrons , X-rays
H H
9 Q o gl ¢ |
@ £ >
5 9 .0 >
Fe “"Fe “Fe

;e..,;"’gjj;é

Scattering lengths Atomic scattering factors
(indep. of scattering angle) (dep on scattering angle)




Atomic cross sections

X-rays

Electrons

),

Thomson
Cross-sec.

atomic scattering factor
e dep. on K
e increasing with Z

Mott-Bethe

me* Z-f,(K.,Z)

2mh’e, K’
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Thermal neutrons

o _
d<2

2

b

neutron scattering length
¢ indep. of K

e dep. on isotope
e dep. on atomic spin
® no relation with Z



X-rays, electrons, neutrons o
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Elect 10
ectrons .
- A g 32 - Germanium
f.(K.Z) me’ 2= (K Z)
el ’ = 2 2 1 il
270" g, K 6 Electrons
. Z-fl(K.Z il 1
=377 [A] {0(2 ) 4
K [A™] ’
0
0.0010
X-rays (A)
- - 0.0008 | .
fX(K’Z)=refO(K’Z) 0.0006 | .
0.0004 .
Neutrons
0.0002 neutrons T
bcoh (Z ) 0.0000 | | | |
0 5 10 15 20 25

K = 45 sinB/A
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Comparisons il

X-rays

Electrons

Thermal neutrons

Scattered by
electron cloud

Sensitivity to
electron distribution

Increases with Z

Scattered by
Coulomb potential
(long ranged)

Sensitivity to
electron distribution

Increases with Z

Scattered by
nuclear potential
(short ranged)

Sensitivity only to
nuclear position

No correlation with Z
Isotope-dependent

Weak interaction

Strong penetration

Kinematical theory
generally OK

Strong interaction

Weak penetration

Dynamical theory
often necessary

Weak interaction

Strong penetration

Kinematical theory
generally OK
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