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Crystalline and non-crystalline materials Foreaty
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Randomly oriented Liquids and
systems of small size non-crystalline solids

Crystalline solids

Molecules in gas phase
Microcrystals
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X-rays, neutron, electrons

Atomic form factors

fX(IE,Z) =7, fo(l%,z)

= B} > 7-f£(K,Z
Ja (K) = fel(K’Z) = 2:;280 K(z )

bcoh (Z )
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X-rays

electrons

neutrons

(neglecting atomic vibrations: zero point + thermal)



Atomic vibrations (zero point + thermal)

Probability density for nuclear positions w(?)

Thermal factor = FT of w(F) Ir (K) = f w(r) exp(il_f- r)dv

Resultant electron density P, (1) = p(r) * W(F) = f,O(F —-r)yw(r') dV

Atomic thermal factor fa,T(Iz) =f (K) Ir (K)

For isotropic harmonic vibrations:

Thermal factor:
Gaussian 1 2 exponential damping

probability density w(?) = 3/2 GXP[2<MZ> fT (f(’) — GXP[—K2<M2>/2]




Paolo

Scattering amplitude el

4 N
Scattering vector

\\\%<0Ut I_{ = l_éout — l_éin
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Amplitude Acu (E) = E Jm (E)eﬂE " Interference !

X-rays



General formula

X-rays

Intensity I (I?)=A
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fm(lzsz)=f0([2,z) fT(l_{) mn m n

_ _ Inter-atomic distances
(including the thermal factors) (including m=n)



Planar atomic distribution

X-rays
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N independent
terms
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2 E Eexp(ilz'- ﬁmn)

m=ln=m
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'Y Seos(k- &)
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N(N-1) interference
terms

N atoms of the same species
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KLR
Max for = -
specular COS(K' Rmn) =1
reflection
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X-rays .vs. neutrons

X-rays

including the thermal factors

f.(K.Z) = f,(K,Z) f,(K)
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Thermal neutrons

without thermal factors
dO * D
IK‘R,,,
-3 Shaie

aQ
including thermal factors

Rl *2 D n(R)fa(R) e O D Sbufen RO (K 5
Ry =Ty =T,

m,n = atomic sites & atomic species

m,n = atomic sites, isotopes, spins



3 types of atomic aggregates
Lu(R)=2 2 LK) (R)e ™ | R <5 -7
i A

Randomly oriented Crystalline solids
systems of small size

o sinz(NK- a, /2) .\ (2
Ie.u.(K) = —[ sinz(la G /2) ‘F(K)‘

_ . sin(KRmn) .
LalR) = 2 futy =™ ' 1
Debye scattering formula interferelrﬁeé:ueefunction Stf;uccttctjrre
X-rays Liquids and
non-crystalline solids
_ ¥ inK
Lo(R) = NP GO + NP [ 4 [o(r) - po ] dr
0




@ X-ray scattering from
small atomic aggregates
(molecules, nano-clusters...)
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Systems of small size P
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Scattering amplitude Ae.u,(k) _ Efm (K) &

Scattering intensity

(R[S0 | S £ (R ]
SR +3 3 4RI (R)e"

>
AL EDIDEA!
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Independent Interference:
scattering N(N-1) terms

oM

)fn (E) cos([% - ﬁmn)

for small systems
it can be calculated



Randomly oriented systems of small size

Random orientation of the molecule

Lo (K) = 3 F20K) + D03 funlK) fu(K) (55 )

m n#Em

Spherical symmetry around each atom

<€i12-1€mn> _sin(KR,,)
KR

-

Lew(K) = D> fA(K) + > > fmlK) fu(K) sin(K Ry
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Debye scattering formula
for 1 molecule (1915)
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Example 1: system with one atomic species
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Example: randomly oriented tetrahedral molecule

Intensity (arb. u.)
Intensity (arb. u.)
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Example 2: CF, molecule (a)
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Atomic scattering factors

10 ———
ii,‘_'__j::jf_h : I] @ g |

5 independent scattering terms

4 C-F distances = 1.32 A
6 F-F distances = 2.15 A
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Example 2: CF, molecule (b)
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oK) = 202K+ 2R}, (R) costR- Rl 1, (K) = 3 73(6)+ 3 4,601, () 227

mn

n=m
n=m

Oriented molecule Random orientation
Debye equation

I . N e 104L‘ —
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Example 2: CF, molecule (c)

Elastic .vs. inelastic scattering
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Debye ||ku(K) = D 1K) + ), £,(K)

n=m

sin(KR, )

KR

mn

W lin scale
1500 | |
—Debye total
ool | Compton total
500 | .
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Compton ||1,,4(K) =Z - E .
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Debye formula - comments
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> The Debye formula for one molecule has to be multiplied by
the number of molecules of the gas

> Experimental intensities include the Compton contribution
(standard detectors don't discriminate energy)

» The Debye formula gives only 1-dim info (on inter-atomic
distances)

» The Debye formula directly connects the 1-dim structural
info to the scattering intensity (by sin-transform)

» Information accuracy increases by increasing the maximum
K value
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Debye formula - the method
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A) Simple systems: sin-transform reciprocal space = real space
(next slide)

B) Relatively large systems

Diffraction patterns are calculated from atomistic descriptions via
the Debye function, and refined against measured data to obtain
detailed microstructural information.

The number of terms to be calculated is proportional to N2

Originally suitable only for small molecules

Interest in nano-technolo : ..
9y Debye function revisited
At present

Available computing power available
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Debye formula: sin-transform oS
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Experimental and calculated RDF from sin-transform

Experimental spectrum ant
oscillations



® X-ray scattering from
liquids and non-crystalline solids
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Large non-crystalline systems
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General formula...

No long-range order
no Laue interference function

Large systems - no defined structure
Debye formula impracticable

Random orientations



Radial Distribution Function Foaon

R(r)= %E Eé(r — rmn) average fensity
R(r) = 4mr’p(r) = 4Jrr2p0

|

Radial distribution function Pair distribution function
R(r) (arb. u.) g(r) (arb. u.)
16 |
12|
8|
4|
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Monatomic non-crystalline systems (a) Formean

General formula Ie.u.(k)=2‘fm([2)‘2+2 E fm(lz)fn(lz) KR

Only 1 atomic species Ie.u.(lz) =N‘f([€)‘2 +‘f(i{')‘2226i1?-f(’mn

}

Independent Interference:
scattering N(N-1) terms

| Disordered system |

L. (R)=Nf & +|f®[ S [ p.(,) e av,
\

J
Y
Integral over distribution

of distances from atom m
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Monatomic non-crystalline systems (b)
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LK) =Nf&| + |f & 3 [ p.(7) e av,
m V y

Y

Subtract and add
the average density

\ 4

Oscillation of the distribution
around the average density

A

N

L (R) = NF&) +|f R Y [[o(n) - 0] e av,

‘f(K)‘ Epr iK Ty Small-angle scattering

only at very small K



Monatomic non-crystalline systems (c)

Neglecting the small-angle term:

— — |2 — |2 - 112?
L (K)=Nf&)| +|f&[ > [[o(F.)-p,]e*™av,
m V
Averaging over the central atom and considering spherical symmetry:

sin Kr
Kr

dr

I, (K) = NIf®[ + NIF &) [ 477 p(r) - p, ]

olr) = p, 8(r)

0

2) sin Kr
4np0{r [g(r)—l] X dr
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Experimental data: Interference function
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ﬂ = experiment Ie-u-(K) - IeXp (K ) -1 Compton (K )
== Thomson + Compton _ NfZ(K) S(K)
~——— Thomson (f2)
e COMPLON

Structure factor

8
K (A1)

Interference function
(K)/N - f*(K)
A (K)

i(K) = Lo - S(K) -1




Fourier sin-transform orr o

o0

I, (K) = NIf & + Nf&)[ 4mp, [ r*[g(r) 1]

0

sinKr

Interference function
(K)/N - f*(K)
fA(K)

oo

, I
Ki(K)=—

Ki(K) = 4Jtp0fr[g(r) - 1] sinKr dr

0

Pair distribution function

| .
o(r) =1 = Y { i(K) sin(Kr) K dK




Distribution functions Fornasl®
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Pair distribution function

g(r) = 1+2ﬂz1 ji(K) sin(Kr) K dK

0 O

Radial distribution function

R(r) = 477:r2p0 g(r) = 4Jrr2p(r) 12




Many-atomic amorphous systems

[M atomic species ]

4

partial RDFs gmn(r)

M(M +1)
2 2

partial structure factors S




Partial RDFs - Amorphous silica Fomeen
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Peaks positions A
— interatomic distances -

Peaks area
— coordination numbers
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Partial structure factors
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atomic species

M scattering factors f
m

relative concentrations C

L(K)= Y cpfa(K)+ Y Cofon(K) £ (K)[Sn(K) - 1]

m a#m

independent scattering interference function

MM +1) |
partial structure factors Sm
m,n = atomic species 2

(K)



Partial distribution functions

e Neutron isotopic substitution ?
e X-ray anomalous diffraction (MAD)
e Approximate methods

LK) =Y o fa (B + Y €l fon(K) £ (K) [Syn (K ) -1]

m a#m

| B .
g (-1 = Y { (S, (K)—1]sin(Kr) K dK

m,n = atomic species
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Method of compositional units
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Approximate method uc = unit of composition
for molecular systems S0 1Si420
2-
I, (K)= Y ffy € ST,
mn

average f, =&

-S43 h S -

— | KAl

=Ef"3 +erEKm EKneﬂ?-fem

n=m

sin KR
KR

= NE sz + Nf? EKJ-}4J'ER2 [pj(r) - po] dR +[small angle term |
uc uc 0

m,n = atomic species



Crystalline .vs.

Intensity (arb. units)

amorphous systems.

Cu anode
Mo anode
Sychr. Radiation

Crystalline SiO,
(Cu: A=1.5418 A)

A = scattering range

Intensity (arb. units)

Intensity (arb. units)
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Amorphous SiO, |
(Mo: A=0.715 A)

1
T

11111
llllllllllllllllllllllllllll

Amorphous SlO
(Syn.Rad.: A=0.476 A)

1111111111111111111111111111
T T T T

1
T

4 8 12 16 20 24 28
K(A™)



Structure factors

Crystalline solids

3

[1

i=1

do

dQ

2
e

Paolo
Fornasini
Univ. Trento

Non-crystalline systems

4 R

sin2 Ni_» _>i/2 V)

sin(z(lz-&l/Z)) ‘F(K)‘ % = ’"ez ‘f(K)‘Q S(K)
\§ J

Laue interference function

Structure factor Structure factor



® Small angle X-ray scattering
SAXS



Small angle scattering (a)

L (R) =N &)+ |rf 3 [[ol,
Hr @ [, e*av,

%K) = f <K>E f Po €

= 12®) [ pye*av, [ e
14 Vv

2

- py| " av,

"dV.
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Small angle scattering (b)
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2

ISAXS([E) = FA(K) ‘fv 0, oK 1/

Fourier Transform of the average density:
constant at the length scale of the pdf fluctuations.

Narrow peak near the origin, typically for K < 0.02 A

Structures of the small-angle peak
> info on long-range density fluctuations (~100 A)

Approximate relation between N A A

-~

object dimension, wavelength and angle d= sinf, 0,




SAXS experimental layout
y
A
monochromator X B
l oL < 3° y & &
A
B s :::T
o
X-ray , |
source / | beamstop h\
/' specimen
4 (powders, plates, fibers ...) detector

X-ray beam

e.g. 2D sensitive
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Small angle scattering (c) o

2

Independent particles in vacuum SAXS [ = iRF
Ie.u. (K)=f (K) fvpoe dV

Form factor of one particle f Po eiK'rdV
1%

Simple examples

Uniform sphere, radius 60 A Uniform cylinder, radius 20 A, length 400 A
InI(K):
] O DANSE 100 — O DANSE
ol —— NIST SANS analysis —— NIST SANS analysis
’TE 3 ’T; 10 —
= 1 >
0.1 —
0,01 - 0.01 —
I l
0.0




Small angle scattering (d) o
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Long-wavelength limit
slope « —R* /5
ln I(K) 2 ~Guinier Regime

Intermediate Regime
K—l K—2 K—4

KR <1

Porod Regime
. K;4

Short-wavelength limit

I o surface/K*

30 -25 20 15  -10  -05
InkK
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SAS applications
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SAS of X-rays and neutrons

\ 4

Study of large-scale structures from 10 A
up to thousands and even several tens of thousands of angstroms.

Examples: « Critical opalescence in critical phase transitions
« Colloidal aggregations
« Nano-clusters
 Defects in materials
« Polymers
 Proteins, viruses, ribosome
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