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Inelastic scattering cross-section
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Intrinsic cross-sections for scattering by atoms
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Formal scattering theory Pl

4 = +00)

Adiabatic switching of the interaction

\_ f— /

Scattering amplitude and S matrix

(04| S|@;) = (Df|U(—00, +00) |®;)

a) |®f) and |®;) are the final and initials states of the entire system (probe+ sample)

b) U is the evolution operator from —oo to +o0o in the interaction picture



® Two-photon processes - scattering
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Time-dependent perturbation theory W

Transition amplitudes ¢, = <(I>f ‘U(tf,ti)‘cl)i> ¢+ 4

Ch Ji

Approximations:

Zero-order

First-order

Second-order
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Interaction Hamiltonian
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Non-relativistic Hamiltonian

P2
H,, = Zﬁ+v<a...m)
J
H = h f 1
rad — Z (UES aa—|—§ .
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€ _y 1/ —
1st order (interaction) Hing1 = m Z - A(T)
J
62 - 2
2nd order (interaction) Hint,2 — 2— Z |A(7“j)|
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Photon scattering
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Photon scattering = two-photon processes = 2nd order processes .vs. e

1st-order approximation
2nd-order interaction

C%) = =27l <(I)f ‘Hl,z‘q)i>

e’ - 2

o 23 Jico)

Type |V

charge

2nd-order approximation

1st-order interaction

(@, |Ho| X H, @)
~/n—0 E,-E, +in

e = =
H,, =sz B A(F,)

Type OC,[D)
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[aa e +ale r]ea
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Scattering type O e

1st-order interaction

2nd-order approximation ‘ >_‘ ,.*,A,> ' ]E’g"
CI)f =lak'e") d
Energy
E,=E,=E,+ho=E, +ho' b
D)= |aks) ké

Transition amplitude

a;/€§>

o i <a‘;l_<>'§"HL1 b;,0)(b;0|H|,
=10 E +hw-E, +in

N J
Y \

E ;= E 7 Intermediate-state energy
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Scattering type O - elastic

1st-order interaction
10N << F.
2nd-order approximation hw ion

!

Elastic scattering: 71w = ha)'; a=a

0 i <az;l_<>'.§"HL1 b;0)(b;0|H,, a;E§>

=~ n—0 E +hw-E, +in
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non-resonant resonant

ho <|E, - E, ho =|E, - E,
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Scattering type O - inelastic

1st-order interaction
2nd-order approximation ho << Eion

Inelastic scattering: A = hw'; a'#a

e (aEE | b0)polH, |ake
Cp = =2m Y lim .
> =0 E +hw-E, +in
b b
hw \hw’ oo &w
a' a|
a a
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Raman
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Scattering type [}

1st-order interaction

2nd-order approximation ‘(I)f>= ‘a';l_g"é'> a’
Energy

_ |
E.=E,=FE, +how=FE, +ho b

N /:w i

Transition amplitude
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Scattering type Y e

2nd-order interaction

1st-order approximation ‘®f>=‘a';%'§'> a, Par
Energy
_ _ |
E,=FE,=E, +ho=E,+hw
@,)=|ake) @ P2

Transition amplitude

c;li) = —2m’<a‘;k'§'

H1,2‘0§£§>



Scattering type Y - elastic

2nd-order interaction  1st-order approximation

" . . = A
Transition amplitude C;i) _ —2m<a;k'8'

HLZ‘a;IE§>
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Elastic scattering: 71w = ha)'; a=a

ho ho
ho >> E,
/
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Scattering type Y - inelastic

2nd-order interaction  1st-order approximation

.. . 1 . > A A
Transition amplitude C;i) _ —2m<a';k'8"H12‘a;k8>

Inelastic scattering: i = hw'; a'#a

ho >> E,

Compton
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X-ray scattering

( 2
¢y +c) = 2m< k'& 2a;k§> V< HL2=e—mEJ_‘Z(FJ)‘2
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Vector potential
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X-ray scattering: |y g

2 / 7oA
e PN a k'e
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1 photon created + 1 photon deleted

transition amplitude
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X-ray scattering: |y g

Transition probability per unit time Golden rule
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X-ray elastic scattering |V P

Transition probability per unit time

a ]_éré/
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X-ray elastic scattering
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Static and dynamic scattering functions |V

E

A out

A =material system
Inelastic scattering

2
d°o =r02(A

E )
out n
dQdw,, w,

Elastic scattering

do Z(A n )2

(Aly, e

. J

S(E) Static scattering function
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Static scattering function

- _ _ik. electrons (X scatt.)
S(K)= KAl ™" E - J | |
' nuclei (n scattering)
_iKF,
=EIW\
_ — -iK r
- fEJ pj r d—;
Fourier
IR S traun;form
= fp(”) e dr of number density

The inversion problem

. ~ e Finite K range
S(K) - p(7) e Finite K resolution
e Phase problem
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Equal-time correlation function P

—

‘fp(;;) eil%-?'di;z =fp(;i)eilz'?1d;i % fp(;;z)e—iK-rzsz
- [ar, [ p(7) p(7) eV
— fdf{ fdij o(7) ,0(*1 +1’§)e“’z"3

—

S(K)= [ G(R) ¢ X R4R

S(K)

Density-density

G(]_é) — fd,‘fi p(,‘,i) p(,—,i +I_é) autocorrelation function

or
Equal-time correlation function

Probability density that given a particle @ 7 ~
another particle is @ 1 + R



S(K) for a monatomic crystal o

Real space Reciprocal space

: cell p(r) '1 e S(K) &

R
A A

0 2r 4x ex  Bx 1O0¢
r Q:a—»

\
-

2 =\ iK-R
Aeu(K)‘ =‘f(K)‘ e ™ m,n=atom indices

atomic scattering factor



S(K) for a two-atomic crystal

Real space Reciprocal space
cell Py S(K)
v PO i R 7%
. \ [
uo. m-1 m m-1 Ox ix Bx 12x
g - Q-a—=
= =\[2 AN KR
S(K) = Aeu(K)‘ = ‘F(K)‘ e " m,n = cell indices

structure factor



S(K) for a monatomic liquid fomasn

Real space Reciprocal space

1 S(K)
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Dynamic scattering function P

Inelastic scattering (non-resonant)

2 2
d o 3 Z(A A )2a)out <A —iKF]A>
dQ d =T 0 Sout gin out i € in
a)out win
— _/
~
S(K,a))
EA,out +hwout = EA,in + ha)in

¢ Single particle

System excitations Collective

W =Wy, — Wiy,
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Characteristic length Pl

g = characteristic length describing the spatial inhomogeneity
(e.g. the inter-particle distance)

KE=<1 Interference /
i Probe of collective behaviour /
— =
K S e phonons // /
® plasmons /
® magnons /

KE>>1 Independent contribution of particles /
| Probe of single-particle properties
— <<
K S e Compton scattering fiw>>E,
 inner-shell excitations hw = Eb /



Compton scattering from moving electrons
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Scattering vector ho = hwm — ha)om -
K = kin — kout l
Exchanged energy

=lost by field
=gained by electron
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Atomic electron
momentum
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One-dim. projection
of the momentum density
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Compton scattering function s

2
= —iK-7
S(K.0) = ‘{Aw > A,
Energy conservation
One electron 5(hw—(hK) + zﬁm-k
2m m
S(R.0)= [ 4F o (F) e g, (7] @ g, (7) =P a0
W) = v F @ \r)e Pin\I ! P out =€ plane wave
|
—_ i fd3—> Doy T/h _—IKT (}—;)2 ‘ — — h[_{’
_V re e (pln I pout=pin+
I .
= V fd3l7 eV (,‘Om(l_;)‘ o (for a fixed K)
\— _J

FT of the ground-state wavefunction (—» )
= momentum-space wave-function X\ Pin



Compton profile

‘2

p(]_jin) = E‘X} (ﬁin)

One atom ~ (h[{)z f .
SIK,w)= | d’p, 0| hw — —p. K
(£ F.lp. o=+ 2,

N J
. Y
distribution of Energy conservation
electron momenta (link between K and p;,)

Z Compton profile
Jp) = [axdy p(p,)

S(K )

x/ y Cross section d’o ~ ~ \2 m
2 (8 s ) out 7 J( )
0 out n pZ

iQdow 3
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Compton cross section and Compton profile
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X-ray Raman scattering

160°
>
10 keV :
X-rays LiF

Non-resonant X-ray Raman scattering

Arb. units

0.15

0.10

005

000

K edge of fluorine

Energy Transfer (aV)
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Excitations in condensed matter

S(w)

elastic

electron-hole
pair creation

phonons

Energy transfer fiw = hw., — hw

out

plasmons

core-level
excitations

// A
77

40
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Space-time correlation function  Fomasn

(K- R—-wt

S(K.w)= [ G(fe,t) SR uB

Space-time correlation function

G(R.t)= [ dF, p(7.0) pl7 + R.t)

Probability density that:  given a particle @ 7 »f =0
another particle is @ 7, + R , ¢



v Effects of atomic vibrations
on diffraction patterns



Average over instantaneous displacements Wi

Gaussian distrib.

<eix> _ e—3<x2>

ﬁt

ellipsoid of atomic e
vibrations
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Debye-Waller factor (monatomic crystals) e

Increases with

K <(Eﬁm )2> increasing K

Increasing temperature

ellipsoid of atomic
VlbratlonS | o increasing K
'5<(K'Mm) > Decreases with
€ increasing temperature

S

Two equal atoms —1<(E'ﬁm)2> e‘l<(k' ”)2> = WK
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Partition of total scattering intensity e

‘f ‘ K’T)E eil_{'(?m ) - Laue scattering
+ ‘f(i{)‘z e-ZW(KT)E eif‘(Fm—?n)[e<(E'ﬁm)( > ] - Diffuse

scattering

. ‘f([%)‘z e_zw(K,T)E eik.(fm—Fn)K([}.ﬁm)([g.ﬁn )>+ ..... ] - g)égftuts;mg
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Laue scattering e

mn
l Increasing K

Debye_Waller factor Decreases with

!

Reduction of Laue intensities

increasing temperature

I K Energy lost for elastic scattering
goes into diffuse scattering
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Diffuse scattering e

X-rays exchange energy with crystal normal modes

1-phonon processes 2 or more phonons

‘f(l_{,)‘z e_2W(I?)E eik-(Fm—Fn)[«f(' . ﬁm )(f(’ : L_in)> A ]

mn

correlation significant
only for neighbouring atoms

sum limited to
neighbouring atoms

significant intensity for [2 = G



@ Scattering by crystal phonons



Dynamical scattering function (a)

e Monatomic crystal
e Adiabatic approximation > Scattering from atoms

S(K.0)= [G(R.t) (KR-on) 1B

G(R.1) = [ d, p(7,.0) p(F + R.t)

G(R.t)= Efd 77, (0)] 8| F+R -7, (1)]
f o <ei12-fm (O)e—z‘I%-?n(z)> oot

F()=7" +1i(t)

min

niv. Trento



Dynamical scattering function for a crystal i

S(E,m) _ ‘f(l_{.)‘z E eilz.[fn?—ao]fdt <ei1€.[am(0)-ﬁn(t)]> e_,-a,t

mn
1\ N J
Gaussian disltrilzo. —%<[Kﬁm(0)]2> —%<[l€-ﬁn(t)]2> <[Eﬁ (O)][E-ii (t)]>
()= o) e e e’ !
Self-correlations Pair-correlation
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Scattering function for a crystal (c) Formeam

nnnnnnnnnnn

§(Roo) = (R} 3 e 5T p 0L ]y
eqmm(0)][“”‘(t)]> =1+ <[I% '*m(())][lz -ﬁn(t)]>+
‘ ‘ E o K ol fle “dt Elastic

‘ ‘ E KR K ol f{<[[€ﬁm(0)][kﬁn(t)]>+} e”'dt | Inelastic

1st order
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Elastic scattering P

w=w0ut_win =O

SOK,w)=S(K)
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Inelastic scattering — 15t order (a) el

o osian (& i, ] K d,0]) = 3K Kpt,0),50))
ap

coordinates




Atomic displacements and normal modes

Mode

Atomic eigenvectors

displacements

1 iq-
uma(t) = '\/W E[ema,ﬁs € ! Rngs(t)]
qs

0..(1) =

mao,qgs g R —iw 1 (w1
(1) = w/ E L R
ma qs qs
1/a)d
qs

Annihilation and creation

Sum over operators
normal modes

—

Normal coordinates

—ia)ast
a.e 1
qs

v it

+Cl€

Paolo
Fornasini
Univ. Trento

|



Paolo

Correlation term ]

ma QS lq Rm _ia)é’st + ia)g]st
u, ()= 1/ E \/— [aése +ae
-
qs
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One-phonon scattering
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2 E eik-émn,3_<[13.ﬁ(t)]z>fEﬁKaKﬁ<uma(O) U,g (t)> il gy

<uma 0) Uap (t)> - E 2NM(1)(}S Wea gV g s

Hiw-[t\ 7R iw-V _iz-R
><Kna>e Q“Eq"m+<na+l>e qe“?mq
qs qs

energy gain energy loss
phonon annih. phonon creation
/‘
W =w-
qs

SO(K,w)=0 for <

K=G=§

-



® Phonon scattering - experiments
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Real and reciprocal space e

1st Brillouin zone

P

il
Diamond conventional Primitive unit cell A n u
unit cell (8 atoms/cell) fcc + 2 atoms/cell NI \GTRS)

Real space

e Reciprocal space vectors (5
Reciprocal space ¢ Phonon wave-vectors q



Paolo

Phonon dispersion curves (Ge)
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Neutrons and X-rays o

Photons / \ Thermal neutrons

m=0 m002 >>E,

/ \ p2
E = pc E =
2m

E=hw 2

hoo = ik 3 -

$ b = hk DT 2m
.. E[keV] <17 _| ElmeV] 12

KA = o7 KA [ 207 ]

E=124keV d)\,=1AO;:> E=81.7meV
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Phonon probes: X .vs. n e

Thermal neutrons Photons

E=817meV <A=1A> E=124keV

Natural probe for phonons Complementary probe
AE -8 ~7 Technical
~107 =10 problems
Limitations

¢ | arge samples required

e Weak signal from some
isotopes (like H)

¢ Limited velocity .vs.
phase velocity of phonons
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Inelastic X-ray scattering s

-

Analyzer Detector

: b
k ... .E

out >~ out **~out

—

kin »Wip »€ip _
) Monochromator )

w<<w, =k =k = K=2k_ sin6,

26,

Non realistic scheme j

e Scattering angle = momentum transfer K=0G =+ 7]

e Analyzer = energy transfer W = Wz,




Paolo
Fornasini

Energy resolution

AE o _ _
=—=~10"+10"’
E o,
/ Perfect unstrained \ / \
crystal
h Geometry contribution
- Monochromator (beam divergence)
Crystal contribution &
(Darwin width) analyzer
AE
AEOC I"e)\.z ?OCCOtH AH
in O, =17/2

K E  sin“ 04 K‘ /\ /

Minimum for

High-order HB =90" — 0 =180"

reflections Back-scattering geometry



Back-scattering geometry

ESRF - Grenoble
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Array of
spherically bent
crystals

W, fixed

nA =2dsin0,

Analyzer

1°x1°

Solid-state
Detector 3
nA =2dsinfy /
—_— \ 4
I sample Incoming beam
< 2.5 mrad
Monochromator divergence

w;, varied by thermally
varying d (1 K= 51 meV)

AE =hw=1meV
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In-line monochromator

APS - Chicago Array of spherically bent
crystals w,, fixed

Analyzer
I"x1°

Detector

1 §; sample

Incoming beam

1 urad ' Monochromator
divergence o Channel-cut crystal
w,, varied by

rotating the crystal



Mesaurements
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Beryllium

Energy scans
at different q values

(0,0,8)

Longitudinal phonons

A

A A

20.0 40.0 60.0

Energy (meV)

800

100.0




Dispersion curves

E|[meV]
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