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 ! Scattering cross sections!



 Elastic scattering cross-section!
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 Inelastic scattering cross-section!
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 ! Two-photon processes - scattering!
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2nd-order interaction!

1st-order approximation!
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 Scattering type α	
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 ! X-ray scattering!
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 ! Scattering functions!
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Probe of single-particle properties!

•  Compton scattering!

€ 

1
K
≥ ξ

€ 

1
K

<< ξ
  

€ 

ω >> Eb

•  inner-shell excitations!   

€ 

ω ≈ Eb



 Compton scattering from moving electrons! Paolo  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 
k in

  

€ 

 
k out

  

€ 

 p out

  

€ 

 p in   

€ 

ω in +
pin
2

2m
= ω out +

pout
2

2m


 
k in +

 p in = 
 
k out +

 p out

  

€ 

ω = ω in − ω out =
K( )2

2m
−

m
 p in ⋅
 
K 

  

€ 

 
K =
 
k in −

 
k out

energy conservation!

momentum conservation!

Scattering vector!

Exchanged energy!
=lost by field!
=gained by electron!

Atomic electron !
momentum!

One-dim. projection !
of the momentum density!



 Compton scattering function! Paolo  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€ 

S
 
K ,ω( ) = Aout e−i

 
K ⋅
 
r j

j
∑ Ain

2

Energy conservation!

One electron!

  

€ 

S
 
K ,ω( ) =

1
V

d 3 r ∫ ϕout
 r ( ) e−i

 
K ⋅ r ϕ in

 r ( )
2

=
1
V

d 3 r ∫ ei p out ⋅
 r / e−i

 
K ⋅ r ϕ in

 r ( )
2

=
1
V

d 3 r ∫ ei p in ⋅
 r / ϕ in

 r ( )
2

  

€ 

ϕout
 r ( ) = ei p out ⋅

 r / outgoing!
plane wave!

  

€ 

 p out =
 p in + 

 
K 

(for a fixed K)!

FT of the ground-state wavefunction!
 momentum-space wave-function !   

€ 

χ
 p in( )

  

€ 

δ ω −
K( )2

2m
+

m
 p in ⋅
 
K 

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 



 Compton profile! Paolo  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Energy conservation!
(link between K and pin)!

One atom!

  

€ 

S
 
K ,ω( ) = d 3  p in∫ ρ

 p in( )δ ω − K( )2

2m
+

m
 p in ⋅
 
K 

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

Compton profile!

  

€ 

J(pz) = dx dy∫ ρ
 p in( )

  

€ 

d2σ
dΩ dω

= r0
2 ˆ ε out ⋅ ˆ ε in( )2 ω out

ω in

m
 
K 

J( pz)
Cross section!

distribution of !
electron momenta!

  

€ 

 
K 

€ 

z

€ 

y

€ 

x

  

€ 

ρ
 p in( ) = χ j

 p in( )
2

j
∑

  

€ 

S
 
K ,ω( )



 Compton cross section and Compton profile!

Elastic!

Valence!
electrons!

fluorine!
K!

electr.!

Paolo  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Univ. Trento!

next!
slide!

10 keV!
X-rays! LiF!

2θ=160°!
  

€ 

ΔE ≈ ω 0
Δλ
λ0

= 380eV

Rest electrons!

€ 

K ≈ 10Å−1



 X-ray Raman scattering! Paolo  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K edge of fluorine!

Non-resonant X-ray Raman scattering!

10 keV!
X-rays! LiF!

160°!



 Excitations in condensed matter! Paolo  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0! 0.2! 4! 8! 40!
E (eV)!

elastic!

phonons!

electron-hole!
pair creation!

plasmons! core-level!
excitations!

€ 

S ω( )

Energy transfer!   

€ 

ω = ω in − ωout



 Space-time correlation function! Paolo  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€ 

S(
 
K ,ω) = G

 
R ,t( ) ei

 
K ⋅
 
R −ωt( )∫ d

 
R dt

Probability  density  that: !given  a  particle  @ !
! ! ! !another particle is @!

  

€ 

 r 1 ,t = 0
  

€ 

 r 1 +
 
R , t

Space-time correlation function!

  

€ 

G(
 
R ,t) = d r 1 ρ

 r 1,0( ) ρ
 r 1 +
 
R ,t( )∫



 ! Effects of atomic vibrations  
!on diffraction patterns!



 Average over instantaneous displacements!

  

€ 

Ie.u.
 
K ( ) = f

 
K ( )

2
ei
 
K ⋅
 
r m −
 
r n( )

mn
∑ ei

 
K ⋅
 
u m −
 
u n( )

€ 

eix = e−
1
2 x2

Gaussian distrib.!

  

€ 

e
− 12

 
K ⋅ u m( )

2

e
− 12

 
K ⋅ u n( )

2

e
 
K ⋅ u m( )

 
K ⋅ u n( )
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€ 

e
− 12

 
K ⋅ u m( )

2

e
− 12

 
K ⋅ u n( )

2

1+ e
 
K ⋅ u m( )

 
K ⋅ u n( ) −1

⎡ 

⎣ ⎢ 
⎤ 

⎦ ⎥ 
⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

  

€ 

 
K 

ellipsoid of atomic!
vibrations!



 Debye-Waller factor (monatomic crystals)! Paolo  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€ 

e
− 12

 
K ⋅  u m( )2

Isotropic vibrations  Debye-Waller factor!

  

€ 

 
K 

ellipsoid of atomic!
vibrations!

  

€ 

 
K ⋅  u m( )2 Increases with!

€ 

K
increasing temperature!

increasing!

  

€ 

e
− 12

 
K ⋅  u m( )2

= e−W T ,K( )

Decreases with!

€ 

K
increasing temperature!

increasing!

  

€ 

 
K 

Two equal atoms!
  

€ 

e
− 12

 
K ⋅  u m( )2 e

− 12
 

K ⋅  u n( )2
= e−2W (T ,K )



 Partition of total scattering intensity! Paolo  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€ 

Ie.u.
 
K ( ) = f

 
K ( )

2
e−2W K ,T( ) ei

 
K ⋅  r m−

 r n( )

mn
∑

+ f
 
K ( )

2
e−2W K ,T( ) ei

 
K ⋅  r m−

 r n( ) e
 
K ⋅  u m( )

 
K ⋅  u n( ) −1[ ]

mn
∑ Diffuse !

scattering!

Laue scattering!

  

€ 

e
 

K ⋅ u m (0)[ ]
 
K ⋅  u n (t )[ ] = 1 +

 
K ⋅  u m (0)[ ]

 
K ⋅  u n (t)[ ] + ....

  

€ 

Ie.u.
 
K ( ) = f

 
K ( )

2
e−2W K ,T( ) ei

 
K ⋅  r m−

 r n( )

mn
∑

+ f
 
K ( )

2
e−2W K ,T( ) ei

 
K ⋅  r m−

 r n( )  
K ⋅  u m( )

 
K ⋅  u n( ) + .....[ ]

mn
∑ Diffuse !

scattering!

Laue scattering!



 Laue scattering! Paolo  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€ 

Ie.u.
 
K ( ) = f

 
K ( )

2
e−2W K ,T( ) ei

 
K ⋅  r m−

 r n( )

mn
∑

Decreases with!

€ 

K
increasing temperature!

increasing!
Debye_Waller factor!

Reduction of Laue intensities!

Energy lost for elastic scattering !
goes into diffuse scattering!

€ 

K

€ 

I



 Diffuse scattering! Paolo  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€ 

f
 
K ( )

2
e−2W

 
K ( ) ei

 
K ⋅  r m−

 r n( )  
K ⋅  u m( )

 
K ⋅  u n( ) + .....[ ]

mn
∑

X-rays exchange energy with crystal normal modes!

1-phonon processes! 2 or more phonons!

correlation significant !
only for neighbouring atoms!

sum limited to!
neighbouring atoms!

significant intensity for !   

€ 

 
K ≠
 
G 



 ! Scattering by crystal phonons!



  

€ 

S
 
K ,ω( ) = f

 
K ( )

2
dt ei

 
K ⋅ r m (0)e−i

 
K ⋅ r n t( )∫

m,n
∑ e−iωt

 Dynamical scattering function (a)!

  

€ 

S(
 
K ,ω) = G

 
R ,t( ) ei

 
K ⋅
 
R −ωt( )∫ d

 
R dt

  

€ 

G
 
R ,t( ) = d r 'δ  r '− r m (0)[ ]∫

m,n
∑ δ

 r '+
 
R −  r n(t)[ ]

  

€ 

 r (t) =
 r 0 +
 u (t)

•  Monatomic crystal !
•  Adiabatic approximation > Scattering from atoms!
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€ 

G(
 
R ,t) = d r 1 ρ

 r 1,0( ) ρ
 r 1 +
 
R ,t( )∫



 Dynamical scattering function for a crystal!

  

€ 

S
 
K ,ω( ) = f

 
K ( )

2
ei
 
K ⋅  r m

0−
 r n
0[ ] dt ei

 
K ⋅  u m (0)−

 u n t( )[ ]∫
m,n
∑ e−iωt

€ 

eix = e−
1
2 x2

Gaussian distrib.!

  

€ 

e
− 12

 
K ⋅  u m (0)[ ]2 e

− 12
 
K ⋅ u n ( t)[ ]2 e

 
K ⋅  u m (0)[ ]

 
K ⋅  u n ( t)[ ]

Self-correlations! Pair-correlation!

  

€ 

S
 
K ,ω( ) = f

 
K ( )

2
ei
 
K ⋅
 
R mn e

−
 
K ⋅ u [ ]2 e

 
K ⋅ u m (0)[ ]

 
K ⋅  u n (t )[ ]∫

m,n
∑ e−iωtdt
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€ 

e
− 12

 
K ⋅  u m( )2 e

− 12
 
K ⋅  u n( )2

= e−2W (T ,K )Debye-Waller factor!



 Scattering function for a crystal (c)!

  

€ 

S
 
K ,ω( ) = f

 
K ( )

2
ei
 
K ⋅
 
R mn e

−
 
K ⋅ u (t)[ ]

2

e
 
K ⋅ u m (0)[ ]

 
K ⋅ u n (t)[ ]∫

m,n
∑ e−iωtdt

  

€ 

e
 
K ⋅ u m (0)[ ]

 
K ⋅ u n (t)[ ] = 1 +

 
K ⋅  u m (0)[ ]

 
K ⋅  u n(t)[ ] + ....

Inelastic!
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€ 

S
 
K ,ω( ) = f

 
K ( )

2
ei
 

K ⋅
 
R mn e

−
 

K ⋅ u (t )[ ]2 1∫
m,n
∑ e−iωtdt

+ f
 
K ( )

2
ei
 

K ⋅
 
R mn e

−
 

K ⋅ u (t )[ ]2  
K ⋅  u m (0)[ ]

 
K ⋅  u n (t)[ ] + ....{ }∫

m,n
∑ e−iωtdt

Elastic!

1st order!



 Elastic scattering!

  

€ 

S(0)
 
K ,ω( ) = f

 
K ( )

2
ei
 
K ⋅
 
R mn e

−
 
K ⋅ u (t)[ ]

2

e−iωtdt∫
m,n
∑

= f
 
K ( )

2
ei
 
K ⋅
 
R mn e

−
 
K ⋅ u (t)[ ]

2

δ ω( )
m,n
∑

€ 

ω =ωout −ωin = 0

  

€ 

S (0) (
 
K ,ω) = S(

 
K )
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 Inelastic scattering – 1st order (a)!

  

€ 

S(1)
 
K ,ω( ) = f

 
K ( )

2
ei
 
K ⋅
 
R mn e

−
 
K ⋅ u (t)[ ]

2  
K ⋅  u m (0)[ ]

 
K ⋅  u n (t)[ ]∫

m,n
∑ e−iωtdt

  

€ 

 
K ⋅  u m (0)[ ]

 
K ⋅  u n (t)[ ] = KαKβ umα (0) unβ (t)

α,β
∑

€ 

α,β
cartesian!
coordinates!
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S
 
K ,ω( ) = f

 
K ( )

2
ei
 

K ⋅
 
R mn e

−
 

K ⋅ u (t )[ ]2 1∫
m,n
∑ e−iωtdt

+ f
 
K ( )

2
ei
 

K ⋅
 
R mn e

−
 
K ⋅ u (t )[ ]2  

K ⋅  u m (0)[ ]
 
K ⋅  u n (t)[ ]{ }∫

m,n
∑ e−iωtdt + ....



 Atomic displacements and normal modes! Paolo  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€ 

umα (t) =
1
NM

emα ,
 
q s ei

 
q ⋅RmQ q s(t)[ ]

 
q s
∑

Atomic !
displacements!

Sum over!
normal modes!

Mode!
eigenvectors!

Annihilation and creation!
operators!

  

€ 

Q q s(t) =

2ω  q s

a q se
− iω  q s t

+ a q s
+ eiω  q s t[ ]

  

€ 

umα (t) =


2NM
emα ,

 
q s

ω  q s

ei
 
q ⋅Rm a q se

−iω  q s t
+ a q s

+ eiω  q s t[ ]
 
q s
∑

Normal coordinates!



 Correlation term !

  

€ 

umα (0) unβ (t) =


2NM
1
ω  q s

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟  

q s
∑ eα ,  q seβ ,  q s

× n  q s e− iω  q s tei
 
q ⋅
 
R mn + n  q s +1 eiω  q s te−i

 
q ⋅
 
R mn[ ]
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€ 

umα (t) =


2NM
emα ,

 
q s

ω  q s

ei
 
q ⋅Rm a q se

−iω  q s t
+ a q s

+ eiω  q s t[ ]
 
q s
∑



 One-phonon scattering!

  

€ 

S(1)
 
K ,ω( ) = f

 
K ( )

2
ei
 

K ⋅
 
R mne

−
 
K ⋅
 
u (t )[ ] 2

KαKβ umα (0) unβ (t)
α ,β
∑∫

m,n
∑ e−iωtdt

  

€ 

umα (0) unβ (t) =


2NMω  q s

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟  

q s
∑ wα ,

 
q swβ ,

 
q s

× n  q s e− iω  q s tei
 
q ⋅
 
R mn + n  q s +1 eiω  q s te−i

 
q ⋅
 
R mn[ ]

  

€ 

ω =ω  q s

  

€ 

 
K =
 
G ±  q   

€ 

S(1)(
 
K ,ω) ≠ 0 for!

Paolo  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Univ. Trento!

energy gain!
phonon annih.!

energy loss!
phonon creation!



 ! Phonon scattering - experiments!



 Real and reciprocal space!

Primitive unit cell!
fcc + 2 atoms/cell!

Diamond conventional !
unit cell (8 atoms/cell)!

Paolo  
Fornasini  

Univ. Trento!

1st Brillouin zone!

•  Reciprocal space vectors!
•  Phonon wave-vectors!

  

€ 

 
G 
  

€ 

 q Reciprocal space!

Real space!



 Phonon dispersion curves (Ge)!
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€ 

0 < q ≤ π
a

[100]! [110]! [111]!

8!

24!

16!

32!

Energy !
(meV)!

  

€ 

ω =ω  q λ

  

€ 

 
K =
 
G ±  q 



  

€ 

E = ω
 p = 

 
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 Neutrons and X-rays! Paolo  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€ 

Etot
2 = pc( )2 + m0c

2( )2
Photons! Thermal neutrons!

€ 

E = pc

  

€ 

ω =
k( )2

2m  

€ 

ω = k c

€ 

E =12.4 keV

€ 

E = 81.7 meV
€ 

k[Å−1]= E[keV]
1.97

€ 

k[Å−1]= E[meV]
2.07

⎡ 

⎣ ⎢ 
⎤ 

⎦ ⎥ 

1/2

€ 

Ek =
p2

2m
€ 

m = 0

€ 

m0c
2 >> Ek

€ 

λ =1Å



 Phonon probes: X .vs. n! Paolo  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Photons!Thermal neutrons!

€ 

E =12.4 keV

€ 

E = 81.7 meV

€ 

λ =1Å

Natural probe for phonons! Complementary probe!

Limitations!

•  Large samples required!
•  Weak signal from some!
   isotopes (like H)!
•  Limited velocity .vs.!
   phase velocity of phonons!

€ 

ΔE
E

≈ 10−8 ÷10−7 Technical!
problems!



 Inelastic X-ray scattering!
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€ 

 
k in ,ωin , ˆ ε in

  

€ 

 
k out ,ωout , ˆ ε out

€ 

ϑ = 2θB
Monochromator!

Analyzer! Detector!

€ 

ω <<ω in ⇒ kout ≈ kin ⇒ K = 2kin sinθB

•  Scattering angle ⇒ momentum transfer!
•  Analyzer ⇒ energy transfer!

Non realistic scheme!

€ 

q
€ 

ω

  

€ 

ω =ω  q λ
  

€ 

 
K =
 
G ±  q 



 Energy resolution!
Paolo  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€ 

ΔE
E

=
ω
ωin

≈ 10−8 ÷10−7

Monochromator!
&!

analyzer!

€ 

θB =ϑ / 2

Minimum for!

  

€ 

θB = 90→ϑ =180
Back-scattering geometry!

Geometry contribution!
(beam divergence)!

€ 

ΔE
E
∝ cotθB ΔθB

Crystal contribution!
(Darwin width)!

€ 

ΔE
E
∝

reλ
2

sin2θB

Perfect unstrained!
crystal!

High-order!
reflections!



 Back-scattering geometry!
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Array of!
spherically bent!
crystals!
ωout fixed!

ωin varied by thermally !
varying d   (1 K ⇒ 51 meV)!   

€ 

ΔE = ω ≈ 1meV

ESRF - Grenoble!

Monochromator!

Analyzer!

Detector!

Incoming beam!sample!

€ 

nλ = 2d sinθB

€ 

nλ = 2d sinθB

  

€ 

1 ×1

Solid-state!

< 2.5 mrad !
divergence!



 In-line monochromator!
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APS - Chicago!

Monochromator!

Analyzer!

Detector!

Incoming beam!

sample!

1 µrad !
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